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UNIT – 1 

Concept Of Set : 

A collection of well – defined objects is called a set. The ‘objects’ are called element. The 

elements are definite and distinct. By the term ‘ well defined ‘ , we mean that it must be 

possible to tell beyond doubt , whether or not a given object belongs to the collection(set) 

under consideration. The term ‘ distinct’ means that no element should be repeated. 

Following are the examples of set : 

(i) The set of vowel of English alphabet = {a,e,i,o,u} 

(ii) The set of odd numbers between 3 and 19 is {3,5,7,9,11,13,15,17,19} 

Notations : 

Sets are usally denoted by capital letters – 

A , B , C , D , …… 

And their elements are denoted by corresponding small letters 

A , b , c , d , ….. 

Note that it is not necessary that the elements of a set A are denoted by a. 

If a is an element of set A, then this fact is denoted by the symbol a ε A and read as “ a 

belongs to A.” 

If a is not an element of set A, then this fact is denoted by the symbol  

a ε A and read as “ a does not belongs to A.” 

 

Representation of a set : 

A set can be represented in the following 2 ways –  

1. Tabular form ( or Roster method) 

2.  Set Builder form (or  Rule method) 

1. Tabular Form – it is also called as “Listing form”. If all the element of a set are kept 

within {} and elements are separated from one another by comma (,) , then this form 

of the set is called tabular form. E.g. – { 1, 2, 3,…. } = the set of natural numbers 



2. Set Builder Form  - it is also called as rule method. In this form, we specify the 

defining property of the elements of the sets E.g. – if A is the set of all prime 

numbers, we use a letter, usally x, to represent the elements and we write –  

 A = { x : x is a prime number } 

 

 

We learned how to write sets using roster notation, 
as shown in examples 1 and 2. 
   

Example 
1: 

Let R be the set of all vowels in the 
English alphabet. Describe this set 
using roster notation. 

Solution: R = {a, e, i, o, u} 

 

Example 
2: 

Let S be the set of all letters in the 
English alphabet. Describe this set 
using roster notation. 

Solution: 
S = {a, b, c, d, e, f, g, h, i, j, k, l, m, n, 
o, p, q, r, s, t, u, v, w, x, y, z} 

 

 

In example 2, there are 26 elements in set S. It would be easier to use a shortcut to list this 
set: 

Example 
2: 

Let S be the set of all letters in the English alphabet. Describe this set using 
roster notation. 

Solution: S = {a, b, c, ..., x, y, z} 

 

The three dots are called an ellipsis. We use an ellipsis in the middle of a set as a 
shortcut for listing many elements. Note that the number of elements in set R and set S 
is countable, So each of these sets is a finite set. A finite set has a finite number of 
elements. Let's examine another type of set:  
 

Example 3: Let T be the set of all whole numbers. 

Solution: T = {0, 1, 2, 3, 4, 5, 6, ...} 

 

 



 

 

 

Different Other Types Of Sets  

  

NULL/ VOID/ EMPTY SET 

 A set which has no element is called the null set or empty set andis denoted by Φ(phi). 
The number of elements of a set A is denoted as n (A) and n (Φ) = 0 as it contains no 
element. For example the set of all real numbers whose square is –1. 

SINGLETON SET 

A set containing only one element is called Singleton Set. 

UNION OF SETS 

Union of two or more sets is the set of all elements that belong to any of these sets. The 
symbol used for union of sets is ‘∪’ i.e. A∪B = Union of set A and set B = {x: x  A or x  B 
(or both)} 
  
Example: A = {1, 2, 3, 4} and B = {2, 4, 5, 6} and C = {1, 2, 6, 8}, then A∪B∪C = {1, 2, 
3, 4, 5, 6, 8} 
  

INTERSECTION OF SETS 

 It is the set of all the elements, which are common to all the sets. The symbol used for 
intersection of sets is ‘∩’ i.e. A ∩ B = {x: x  A and x  B} 
  
Example:If A = {1, 2, 3, 4} and B = {2, 4, 5, 6} and C = {1, 2, 6, 8}, then A ∩ B ∩ C = 
{2} 

DIFFERENCE OF SETS 

The difference of set A to B denoted as A – B is the set of those elements that are in the set 
A but not in the set B i.e. A – B = {x: x  A and x ∉ B} 
  
Similarly B – A = {x: x  B and x ∉ A} 
  
In general A–B ¹ B–A 
  
Example: If A = {a, b, c, d} and B = {b, c, e, f} then A–B = {a, d} and B–A = {e, f}. 



  
 

 

 

 

Symmetric Difference of Two Sets: 

 
For two sets A and B, symmetric difference of A and B is given by (A – B) ∪ (B – A) and 
is denoted by A  B. 

SUBSET OF A SET 

A set A is said to be a subset of the set B if each element of the set A is also the element of 
the set B. The symbol used is ‘⊆’ i.e. A ⊆ B  (x  A => x  B). 
Each set is a subset of its own set. Also a void set is a subset of any set. If there is at least 
one element in B which does not belong to the set A, then A is a proper subset of set B and 
is denoted as A ⊂ B. e.g If A = {a, b, c, d} and B = {b, c, d}. Then B ⊂ A or equivalently 
A ⊃ B (i.e A is a super set of B). Total number of subsets of a finite set containing n 
elements is 2n.  
  
 

Equality of Two Sets: 
  
Sets A and B are said to be equal if A ⊆ B and B ⊆ A; we write A = B. 

 

Equality 

Two sets are equal if they have precisely the same members. Now, at first glance they may 
not seem equal, you may have to examine them closely! 

Example: Are A and B equal where: 

 A is the set whose members are the first four positive whole numbers  
 B = {4, 2, 1, 3}  

Let's check. They both contain 1. They both contain 2. And 3, And 4. And we have 
checked every element of both sets, so: Yes, they are! 

And the equals sign (=) is used to show equality, so you would write: 



A = B 

 

 

 

Subsets 

When we define a set, if we take pieces of that set, we can form what is called a subset.  

So for example, we have the set {1, 2, 3, 4, 5}. A subset of this is {1, 2, 3}. Another subset 
is {3, 4} or even another, {1}. However, {1, 6} is not a subset, since it contains an element 
(6) which is not in the parent set. In general: 

A is a subset of B if and only if every element of A is in B. 

So let's use this definition in some examples.  

Is A a subset of B, where A = {1, 3, 4} and B = {1, 4, 3, 2}?  

1 is in A, and 1 is in B as well. So far so good.  

3 is in A and 3 is also in B.  

4 is in A, and 4 is in B. 

That's all the elements of A, and every single one is in B, so we're done. 

Yes, A is a subset of B 

Note that 2 is in B, but 2 is not in A. But remember, that doesn't matter, we only look at the 
elements in A.  

Let's try a harder example.  

Example: Let A be all multiples of 4 and B be all multiples of 2. Is A a subset of B? 

And is B a subset of A? 

Well, we can't check every element in these sets, because they have an infinite number of 
elements. So we need to get an idea of what the elements look like in each, and then 
compare them.  

The sets are:  

 A = {..., -8, -4, 0, 4, 8, ...}  
 B = {..., -8, -6, -4, -2, 0, 2, 4, 6, 8, ...}  



By pairing off members of the two sets, we can see that every member of A is also a 
member of B, but every member of B is not a member of A:  

So,A is a subset of B, but B is not a subset of A 

 

 

 

Proper Subsets 

If we look at the defintion of subsets and let our mind wander a bit, we come to a weird 
conclusion.  

Let A be a set. Is every element in A an element in A? (Yes, I wrote that correctly.)  

Well, umm, yes of course, right?  

So wouldn't that mean that A is a subset of A?  

This doesn't seem very proper, does it? We want our subsets to be proper. So we introduce 
(what else but) proper subsets. 

A is a proper subset of B if and only if every element in A is also in B, and there exists at 

least one element in B that is not in A. 

This little piece at the end is only there to make sure that A is not a proper subset of itself. 
Otherwise, a proper subset is exactly the same as a normal subset.  

Example: 

{1, 2, 3} is a subset of {1, 2, 3}, but is not a proper subset of {1, 2, 3}.  

Example: 

{1, 2, 3} is a proper subset of {1, 2, 3, 4} because the element 4 is not in the first set.  

You should notice that if A is a proper subset of B, then it is also a subset of B. 

 

DISJOINT SETS 

  
If two sets A and B have no common elements i.e. if no element of A is in B and no 
element of B is in A, then A and B are said to be Disjoint Sets. Hence for Disjoint Sets A 
and B => n (A ∩ B) = 0. 



  
Some More Results Regarding the Order of Finite Sets: 
  
Let A, B and C be finite sets and U be the finite universal set, then 
  
(i).        n (A U B) = n (A) + n (B) – n (A ∩ B) 
  
(ii).       If A and B are disjoint, then n (A U B) = n (A) + n (B)            
  
(iii).      n (A –B) = n (A) – n (A ∩ B) i.e. n (A) = n (A – B) + n (A ∩ B) 
  
(iv).      n (A U B U C) = n (A) + n (B) + n (C) – n (A ∩ B) – n (B ∩ C) – n (A ∩ C) + n (A 
∩ B ∩ C) 
  
(v).       n (set of elements which are in exactly two of the sets A, B, C) 
  
            = n (A ∩ B)+n (B ∩ C) + n (C ∩ A) –3n(A ∩ B ∩ C) 
  
(vi).      n(set of elements which are in atleast two of the sets A, B, C) 
  
            = n (A ∩ B) + n (A ∩ C) + n (B ∩ C) –2n(A ∩ B ∩ C) 
  
(vii).     n (set of elements which are in exactly one of the sets A, B, C) 
  
            = n (A) + n (B) + n (C) – 2n (A ∩ B) – 2n (B ∩ C) – 2n (A ∩ C) + 3n (A ∩ B ∩ C)  
  
Solved Example 1: If A and B be two sets containing 3 and 6 element respectively, what 
can be the minimum number of elements in A U B? Find also, the maximum number of 
elements in A U B.  
  
Solution:           We have, n (A U B) = n(A)     + n(B)  – n(A ∩ B) 
                        This shows that n (A U B) is minimum or maximum according as 
  
                        n (A ∩ B) is maximum or minimum respectively. 
  
                        Case 1: When n (A ∩ B) is minimum, ie. n (A ∩ B) = 0. This is possible 
only when A ∩ B = ?. In this case, 
 
                        n(A U B) = n (A)          + n (B)            – 0 = n(A)       + n (B)            = 3 +6 
= 9 
  
                        n (A U B)max = 9 
 

  
Case 2: When n (A ∩ B) is maximum 
  



                        This is possible only when A ⊆ B. 
  
                        In this case n (A ∩ B) = 3 
  
                         n (A U B) = n(A)        + n(B) – n (A ∩ B) = (3+6-3)=6 
  
                        n (A U B)min = 6. 

 

 

 

 

FINITE AND INFINITE SET 

A set, which has finite numbers of elements, is called a finite set. Otherwise it is called an 
in finite set. For example, the set of all days in a week is a finite set whereas; the set of all 
integers is an infinite set.  

 

In example 3, we used an ellipsis at the end of the list to indicate that the set goes on 
forever. Set T is an infinite set. An infinite set is a set with an infinite number of 
elements. It is not possible to explicitly list out all the elements of an infinite set. Let's 
look at some more examples of finite and infinite sets.  
 

F I N I T E  S E T S I N F I N I T E  S E T S 

Description Roster Notation Description Roster Notation 

A = {whole numbers 
between 0 and 100} 

A = {1, 2, 3, ..., 
97, 98, 99} 

W = {even whole 
numbers} 

W = {0, 2, 4, 6, 8, 
...} 

B = {primary colors} 
B = {red, blue, 
yellow} 

X = {atoms in the 
universe} 

X = {atom1, atom2, 
atom3, ...} 

C = {prime numbers less 
than 12} 

C = {2, 3, 5, 7, 
11} 

Y = {prime 
numbers} 

Y = {2, 3, 5, 7, 11, 
...} 

 

The ellipsis makes it easier to list both finite and infinite sets with roster notation. There 
are some sets that do not contain any elements at all, as shown below. 

 



Example 4: Let D be the set of all weeks with 8 days. 

Solution: D = {} 

 

We call a set with no elements the null or empty set. It is represented by the symbol { } or 
Ø . So D = {} or D = Ø. Let's look at some more examples of empty sets. 

Empty (Null) Sets 

Description Notation 

The set of dogs with sixteen legs. X = {} 

The set of computers that are both on and off. Y = {} 

The set of triangles with 4 sides. Z = {} 

The set of months with 32 days. D = Ø 

The set of bicycles with no wheels. E = Ø 

The set of whole numbers that are odd and even. F = Ø 

 

Power Set 

A Power Set is a set of all the subsets of a set. 

OK? Got that? Maybe an example would help... 

All The Subsets 

If we have a set {a,b,c}: 

 Then a subset of it could be {a} or {b}, or {a,c}, and so on, 
 And {a,b,c} is also a subset of {a,b,c} (yes, that's true, but its not a "proper subset") 
 And the empty set {} is also a subset of {a,b,c} 

In fact, if you list all the subsets of S={a,b,c} you will have the Power Set of {a,b,c}: 

P(S) = { {}, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c} } 

Think of it as all the different ways you can select the items (the order of the items doesn't 
matter), including selecting none, or all. 

How Many Subsets 

Easy! If the original set has n members, then the Power Set will have 2n members 



Example: in the {a,b,c} example above, there are three members (a,b and c of course). 

So, the Power Set should have 23 = 8, which it does! 

Notation 

The number of members of a set is often written as |S|, so we can write: 

|P(S)| = 2n 

 

Example: for the set S={1,2,3,4,5} how many members will the power set have? 

Well, S has 5 members, so: 

|P(S)| = 2n = 25 = 32 

You will see in a minute why the number of members is a power of 2 

It's Binary! 

And here is the most amazing thing. If you want to create the Power Set, just write down 
the sequence of binary numbers (using n digits), and then let "1" mean "put the matching 
member into this subset" OK, it is easier to show with an example: 

 
Abc Subset 

0 000 { } 

1 001 {c} 

2 010 {b} 

3 011 {b,c} 

4 100 {a} 

5 101 {a,c} 

6 110 {a,b} 

7 111 {a,b,c} 

Well, they are not in a pretty order, but they are all there. 

 



 

 

Another Example 

 Let's eat! We have four flavors of icecream: banana, chocolate, lemon, 

and strawberry. How many different ways can you have them? 

Let's use letters for the flavors: {b, c, l, s}. Example selections would be  

 {} (nothing, you are on a diet)  
 {b, c, l, s} (every flavor)  
 {b, c} (banana and chocolate are good together)  

Let's make the table:  

  Bcls Subset 

0 0000 {} 

1 0001 {s} 

2 0010 {l} 

3 0011 {l,s} 

... ... etc .. ... etc ... 

12 1100 {b,c} 

13 1101 {b,c,s} 

14 1110 {b,c,l} 

15 1111 {b,c,l,s} 

And the result is (more neatly arranged): 

P = { {}, {b}, {c}, {l}, {s}, {b,c}, {b,l}, {b,s}, {c,l}, {c,s}, {l,s}, {b,c,l}, {b,c,s}, 
 
{b,l,s}, {c,l,s}, {b,c,l,s} } 

 

 



 

Symmetry 

In the table above, did you notice that the first subset is empty 
and the last has every member?  

But did you also notice that the second subset has "s", and the 
second last subset has everything except "s"? 

    

 

In fact if you mirror that table about the middle you will see 
there is a kind of symmetry.  

This is because the binary numbers that we used to help us get 
all combinations have a beautiful and elegant symmetry. 

 

A Prime Example 

The Power Set can be useful in unexpected areas. I wanted to find out the factors (not just 
the prime factors, but all factors) of a number.  

One way would have been to test every possibility. So to find the factors of, say 330, you 
could check 2,3,4,5,6,7,8,9,10 ... etc! Well, there are ways to improve that, but it still takes 
a long time for large numbers (in my tests, the computer just sat there for ages). 

But I could already find the prime factors very quickly, so couldn't I somehow combine 
the prime factors to make all factors? 

Let me see, 330 = 2×3×5×11 (using prime factor tool). 

So, all the factors of 330 would be: 2,3,5, and 11 ... and 2×3, 2×5 and 2×11 as well, and 
2×3×5 and 2×3×11 ... ? Aha! I need a Power Set! 

So, my oriignal set is {2,3,5,11} and the power set can be worked out using: 

  2,3,5,11 Subset Factor 

0 0000 { } 1 

1 0001 {11} 11 

2 0010 {5} 5 

3 0011 {5,11} 5 × 11 = 55 



4 0100 {3} 3 

5 0101 {3,11} 3 × 11 = 33 

  ... etc ... ... etc ... ... etc ... 

15 1111 {2,3,5,11} 2 × 3 × 5 × 11 = 330 

 
And the result? The factors of 330 are 1, 2, 3, 5, 6, 10, 11, 15, 22, 30, 33, 55, 66, 110, 165, 
330, and -1, -2, -3, etc  

Proof(s) of the Power Set :- 

Prove: If n(A)= n,then n(P(A)) = 2n,for n=0,1,2,3,... 

Proof. Step 1: Show true for n=0. 

Suppose that n(A)=0.Then A= ∅. 

Consequently P(A)= {∅}. 

Note that in this case, P(A) contains exactly one element – the empty set, ∅. 

Hence, if n(A)=0,then n(P(A))=1=20. 

i.e., n(A)=0 ⇒n(P(A))20. 

Step 2: Assume that our proposition is true for n = k and show that it must also be 

true for n= k+1. 

i.e. Assume that n(A)= k⇒n(P(A)) = 2k ]  induction hypothesis 

and show that n(A)= k+1 ⇒n(P(A)) = 2k+1. 

Without loss of generality, assume that the set having k elements is 

Ak = {a1,a2,a3,...,ak} 

and that the set having k+1 elements is 

Ak+1 = {a1,a2,a3,...,ak,ak+1} 

Next observe that every subset of Ak is also a subset of Ak+1.These subsets of Ak+1 are 

exactly the subsets that do not contain the element ak+1.Hence, there are 2k of these 
subsets 



by our induction hypothesis. 

The remaining subsets of Ak+1 each contain the element ak+1. Observe that there is a 

one-to-one correspondence between the subsets of Ak+1 that DO NOT contain the element 

ak+1 and the subsets of Ak+1 that DO contain the element ak+1. 

This one-to-one correspondence is given by f(S)= S∪{ak+1},where S is any subset of 

Ak+1 that DOES NOT contain the element ak+1,and S∪{ak+1} is the corresponding 
subset 

of Ak+1 that DOES contain the element ak+1. 

Thus, there are 2k subsets of Ak+1 that DO contain the element ak+1. 

This means that there are 2k +2k total subsets of Ak+1. 

Hence, n(P(Ak+1)) = 2k +2k =2 · 2k =2k+1 

i.e., n(P(Ak+1)) = 2k+1. 

Prove: If n(A)= k,then n(P(A)) = 2k,for k=0,1,2,3,... 

Alternate Proof: 

Recall from the “counting rule" for combinatorics and probability, that if there are n1 

ways that event E1 can happen, and there are n2 ways that event E2 canhappen,... ,and 

there are nk ways that event Ek can happen, then there are 

n1 ·  n2 ·  ...·  nk 

ways that events E1,E2,...,Ek can happen in succession (provided that the events are 

independent). 

Said differently, if event E1 has n1 outcomes, event E2 has n2 outcomes, . . . , and event 

Ek has nk outcomes, then there are 

n1 ·  n2 ·  ...·  nk 

ways that events E1,E2,...,Ek can happen in succession (provided that the events are 

independent). 

Suppose that set Ahas k elements. 



Without loss of generality, suppose that A= {a1,a2,a3,...,ak} 

We will construct subsets of Aas follows: 

Select element a1 and decide whether this element will be in our subset. (Call this event 

E1.Note that E1 has exactly two outcomes – either element a1 will be placed in our subset, 

or it will not.) 

Select element a2 and decide whether this element will be in our subset. (Call this event 

E2.Note that E2 has exactly two outcomes – either element a2 will be placed in our subset, 

or it will not.) 

Continue inductively, we see that for i=1,2,...,k, 

There will be n1 ·  n2 ·  ...·  nk =2 · 2 ·  ...·  2| {z }k factors 

=2k possible outcomes. 

Thus, there are 2k possible subsets that can be created from a set having k elements. 

i.e., n(A)= k⇒n(P(A)) = 2k,for k=0,1,2,3,... 

 

 

 

 

 

 

 

 

 



Sets and Venn Diagrams 

Sets 

  

A set is a collection of things. 

For example, the items you wear is a set: these would include 
shoes, socks, hat, shirt, pants, and so on.  

You write sets inside curly brackets like this: 

{socks, shoes, pants, watches, shirts, ...} 
 

You can also have sets of numbers: 

 Set of whole numbers: {0, 1, 2, 3, ...} 

 Set of prime numbers: {2, 3, 5, 7, 11, 13, 17, ...} 

Ten Best Friends 

You could have a set made up of your ten best friends: 

 {alex, blair, casey, drew, erin, francis, glen, hunter, ira, jade}  

Each friend is an "element" (or "member") of the set (it is normal to use lowercase letters for them.) 

Now let's say that alex, casey, drew and hunter play Soccer: 

Soccer = {alex, casey, drew, hunter} 

(The Set "Soccer" is made up of the elements alex, casey, drew and hunter). 

And casey, drew and jade play Tennis: 

Tennis = {casey, drew, jade} 

You could put their names in two separate circles: 

Union 

You can now list your friends that play Soccer OR Tennis.  

This is called a "Union" of sets and has the special symbol ∪: 

Soccer ∪ Tennis = {alex, casey, drew, hunter, jade} 

Not everyone is in that set ... only your friends that play Soccer or Tennis. 

We can also put it in a "Venn Diagram": 



Venn Diagram: Union of 2 Sets 

A Venn Diagram is clever because it shows lots of information: 

 Do you see that alex, casey, drew and hunter are in the "Soccer" set? 

 And that casey, drew and jade are in the "Tennis" set? 

 And here is the clever thing: casey and drew are in BOTH sets! 

Intersection 

"Intersection" is when you are in BOTH sets. 

In our case that means they play both Soccer AND Tennis ... which is casey and drew. 

The special symbol for Intersection is an upside down "U" like this: ∩ 

And this is how we write it down: 

Soccer ∩ Tennis = {casey, drew} 

In a Venn Diagram: 

 
Venn Diagram: Intersection of 2 Sets  

Difference 

You can also "subtract" one set from another. 

For example, taking Soccer and subtracting Tennis means people that play Soccer but NOT Tennis ... 
which is alex and hunter.  

And this is how we write it down: 

Soccer - Tennis = {alex, hunter} 

In a Venn Diagram: 
Venn Diagram: Difference of 2 Sets  

Summary So Far 

 ∪ is Union: is in either set 

 ∩ is Intersection: must be in both sets 

 - is Difference: in one set but not the other 

 

 

 



 

 

Three Sets 

You can also use Venn Diagrams for 3 sets. 

Let us say the third set is "Volleyball", which drew, glen and jade play: 

Volleyball = {drew, glen, jade} 

But let's be more "mathematical" and use a Capital Letter for each set: 

 S means the set of Soccer players 

 T means the set of Tennis players 

 V means the set of Volleyball players 

The Venn Diagram is now like this: 

Union of 3 Sets: S ∪ T ∪ V 

You can see (for example) that: 

 drew plays Soccer, Tennis and Volleyball 

 jade plays Tennis and Volleyball 

 alex and hunter play Soccer, but don't play Tennis or Volleyball 

 no-one plays only Tennis 

We can now have some fun with Unions and Intersections ... 

 
This is just the set S 

S = {alex, casey, drew, hunter} 
This is the Union of Sets T and V 

T ∪ V = {casey, drew, jade, glen} 
This is the Intersection of Sets S and V 

S ∩ V = {drew} 

And how about this ... 

 take the previous set S ∩ V  

 then subtract T: 

This is the Intersection of Sets S and V minus Set T 

(S ∩ V) - T = {} 

Hey, there is nothing there!  

That is OK, it is just the "Empty Set". It is still a set, so we use the curly brackets with nothing inside: {} 



The Empty Set has no elements: {} 

Universal Set 

The Universal Set is the set that contains everything. Well, not exactly everything. Everything that we 

are interested in now.  

Sadly, the symbol is the letter "U" ... which is easy to confuse with the ∪ for Union. You just have to be 
careful, OK? 

In our case the Universal Set is our Ten Best Friends.  

U = {alex, blair, casey, drew, erin, francis, glen, hunter, ira, jade}  

We can show the Universal Set in a Venn Diagram by putting a box around the whole thing: 

Now you can see ALL your ten best friends, neatly sorted into what sport they play (or not!). 

And then we can do interesting things like take the whole set and subtract the ones who play Soccer: 

We write it this way: 

U - S = {blair, erin, francis, glen, ira, jade} 

Which says "The Universal Set minus the Soccer Set is the Set {blair, erin, francis, glen, ira, jade}" 

In other words "everyone who does not play Soccer".  

Summary 

 ∪ is Union: is in either set 

 ∩ is Intersection: must be in both sets 

 - is Difference: in one set but not the other 

 Empty Set: the set with no elements. Shown by {} 

 Universal Set: all things we are interested in 

  

 

 

 

 

 

 

 



Venn Diagrams & Set Notation 

The following examples should help you understand the notation, terminology, and 
concepts related to Venn diagrams and set notation. 

Let's say that our universe contains the numbers 1, 2, 3, and 4. Let A be the set containing 
the numbers 1 and 2; that is, A = {1, 2}. (Warning: The curly braces are the customary 
notation for sets. Do not use parentheses or square brackets.) Let B be the set containing 
the numbers 2 and 3; that is, B = {2, 3}. Then we have the following relationships, with 
pinkish shading marking the solution "regions" in the Venn diagrams:  

set 

notation 
pronunciation meaning Venn diagram answer 

A U B "A union B" 
everything  
that is in  
either of the sets 

  

 
   

{1, 2, 3} 

A ^ B 

or 

 

"A intersect B" 
only the things  
that are in  
both of the sets 

  

 
   

{2} 

A
c 

or 
~A 

"A 
complement", 
or "not A" 

everything  
in the universe  
outside of  A 

  

 
   

{3, 4} 

A – B 
"A minus B", or 
"A complement 
B" 

everything in A  
except for anything 
in its overlap with B 

  

 
   

{1} 

~(A U  
B) 

"not (A union 
B)" 

everything  
outside  
A and B   

{4} 

~(A ^ B) 
or 
~( ) 

"not (A intersect 
B)" 

everything outside  
of the overlap  
of A and B 

 
  

   

{1, 3, 4} 

There are gazillions of other possibilities for set combinations and relationships, but these 
are among the simplest and most common. Note that different texts use different set 



notation, so you should not be at all surprised if your text uses still other symbols than 
those used above. But while the notation may differ, the concepts will be the same. By the 
way, as you probably noticed, your Venn-diagram "circles" don't have to be perfectly 
round; ellipses will do just fine. 

 Given the following Venn diagram, shade in A ^ C.  

Copyrigh t © Elizabeth  

The intersection of A and C is just the overlap between those two circles, so: 

 

 Given the following Venn diagram, shade in A U(B – C).  

                          

As usual when faced with parentheses, I'll work from the inside out. 

I'll first find B – C.  "B 
complement C" means I 
take B and then throw out 
its overlap with C, which 
gives me this: 

 

   
Now I have to union this 
with A: 

   

 



Note that unioning with A put some of C (that is, some of what I'd cut out when I did "B – 
C") back into the answer. This is okay. Just because we threw out C at one point, doesn't 
mean that it all has to stay out forever. 

 Given the following Venn diagram, shade in ~[(B UC) – A]. 

 

As usual when dealing with nested grouping symbols, I'll work from the inside out.   

  

The union of B and C shades both circles fully: 

 

   

Now I'll do the "complement A" part by cutting out the  

overlap with A: 

  Copyright © Elizabeth Stapel 

2000-2005 All Rights Reserved 

 
   

The tilde ("TILL-duh") is the wiggly "~" character at the beginning of ~[(B UC) – A]; on 

your keyboard, the tilde is probably located at or near the left-hand end of the row of 
numbers. The tilde, in this context, says that I now want to find the complement of what 
I've shaded. There are two kinds of complement in this problem. The set-subtraction 
complement in the previous step throws out any overlap between two given sets. But the 
kind of complement we see in this step, the "not" complement, means "throw out 
everything you have now and take everything else in the universe". 
    

Practically speaking, the "not" complement with the tilde  
says to reverse the shading: 

   

 
     

 

While Venn diagrams are commonly used for set intersections, unions, and complements, they can also be used to 
show subsets. 

http://www.purplemath.com/modules/simparen.htm


For instance, the picture to the right displays that A is a subset  

of B:Copyright © Elizabeth Stapel 2003-2011 All Rights Reserved 

 

   
As you can see above, a subset is a set which is entirely contained within another set. For 
instance, every set in a Venn diagram is a subset of that diagram's universe. 
   
Venn diagrams can also demonstrate "disjoint" sets. In the  

graphic to the right, A and B are disjoint: 

   

 

That is, disjoint sets have no overlap; their intersection is empty. There is a special notation for this "empty set", by 

the way: "Ø". (Unless you have an odd computer set-up, the preceding character looks like an "O" with a forward 

slash through it. If you're on a PC, you can type this "empty set" character by holding down the "ALT" key and 

typing "0216" on the numeric keypad.) This "Ø" character is pronounced as "the empty set". 

 

 



 

 

 



 

 

 



 

 



 

 

 



 

 

 

Ordered Pairs 

We begin by introducing the notion of the ordered pair. If a and b are sets, then the 
unordered pair {a, b} is a set whose elements are exactly a and b. The “order” in which a 
and b are put together plays no role; {a, b} = {b, a}. For many applications, we need to 
pair a and b in a way making possible to “read off” which set comes “first” and which 
comes “second.” We denote this ordered pair of a and b by (a, b); a is the first coordinate 
of the pair (a, b), b is the second coordinate. 

As any object of our study, the ordered pair has to be a set. It should be defined in such a 
way that two ordered pairs are equal if and only if their first coordinates are equal and their 
second coordinates are equal. This guarantees in particular that (a, b) ≠ (b,a) if a ≠ b. 

Definition. (a, b) = {{a}, {a, b}}.  

If a ≠ b, (a, b) has two elements, a singleton {a} and an unordered pair {a, b}. We find the 
first coordinate by looking at the element of {a}. The second coordinate is then the other 
element of {a, b}. If a = b, then (a, a) = {{a}, {a,a}} = {{a}} has only one element. In any 
case, it seems obvious that both coordinates can be uniquely “read off” from the set (a, b). 
We make this statement precise in the following theorem. 

Theorem. (a, b) = (a′, b′) if and only if a = a′ and b = b′.  

Proof. If a = a′ and b = b′, then, of course, (a, b) = {{a}, {a, b}} = {{a′}, {a′, b′}} = (a′,b′). 
The other implication is more intricate. Let us assume that {{a}, {a, b}} = {{a ′}, {a′, b 



′}}. If a ≠ b, {a} = {a′} and {a, b} = {a ′, b′}. So, first, a = a′ and then {a, b} = {a, b′} 
implies b = b′. If a = b, {{a}, {a, a}} = {{a}}. So {a} = {a′}, {a} = {a′,b ′}, and we get a 

= a′ = b′, so a = a ′ and b = b′ holds in this case, too. □ 

With ordered pairs at our disposal, we can define ordered triples 

(a, b, c) = ((a, b), c), 

ordered quadruples  

(a, b, c, d) = ((a, b, c), d), 

and so on. Also, we define ordered “one-tuples” 

(a) = a. 

 

3. Functions 

Function, as understood in mathematics, is a procedure, a rule, assigning to any object a 
from the domain of the function a unique object b, the value of the function at a. A 
function, therefore, represents a special type of relation, a relation where every object a 
from the domain is related to precisely one object in the range, namely, to the value of the 
function at a. 

Definition. A binary relation F is called a function (or mapping, correspondence) if aFb1 

and aFb2 imply b1 = b2 for any a, b1, and b2. In other words, a binary relation F is a 

function if and only if for every a from dom F there is exactly one b such that aFb. This 

unique b is called the value of F at a and is denoted F(a) or Fa. [F(a) is not defined if a ∉ 

dom F.] If F is a function with dom F = A and ran F ⊆ B, it is customary to use the 

notations F : A B, <F(a) | a ∈A>, <Fa | a ∈ A>, <Fa >a ∈ A for the function F. The range 

of the function F can then be denoted {F(a) | a ∈ A} or {Fa}a ∈A.  

The Axiom of Extensionality can be applied to functions as follows. 

Lemma. Let F and G be functions. F = G if and only if dom F = dom G and F(x) = G(x) 

for all x ∈ dom F.  

A function f is called one-to-one or injective if a1 ∈ dom f, a2 ∈ dom f, and a1 ≠ a2 implies 
f(a1) ≠ f(a2). In other words if a1 ∈ dom f, a 2∈ dom f, and f(a1) = f(a2), then a1 = a2. 

5. Cardinality of Sets 

From the point of view of pure set theory, the most basic question about a set is: How 
many elements does it have? It is a fundamental observation that we can define the 



statement “sets A and B have the same number of elements” without knowing anything 
about numbers. 

Definition. Sets A and B have the same cardinality if there is a one-to-one function f with 

domain A and range B. We denote this by |A| = |B|.  

Definition. The cardinality of A is less than or equal to the cardinality of B (notation: |A| ≤ 
|B|) if there is a one-to-one mapping of A into B.  

Notice that |A| ≤ |B| means that |A| = |C| for some subset C of B. We also write |A| < |B| to 
mean that |A| ≤ |B| and not |A| = |B|, i.e., that there is a one-to-one mapping of A onto a 
subset of B, but there is no one-to-one mapping of A onto B. 

Lemma.  

1. If |A| ≤ |B| and |A| = |C|, then |C| ≤ |B|.  
2. If |A| ≤ |B| and |B| = |C|, then |A| ≤ |C|.  
3. |A| ≤ |A|.  
4. If |A| ≤ |B| and |B| ≤ |C|, then |A|≤|C|.  

Cantor-Bernstein Theorem. If | X| ≤ |Y| and |Y| ≤ |X|, then |X| = |Y|. 

 

A formal definition of the Cartesian product from set-theoretical principles follows from a definition of 
ordered pair. The most common definition of ordered pairs, the Kuratowski definition, is 

. Note that, under this definition, , where 
represents the power set. Therefore, the existence of the Cartesian product of any two sets in ZFC follows 
from the axioms of pairing, union, power set, and specification. Since functions are usually defined as a 
special case of relations, and relations are usually defined as subsets of the Cartesian product, the 
definition of the two-set Cartesian product is necessarily prior to most other definitions. 

Basic properties 

Let A, B, C, and D be sets. 

The Cartesian product A × B is not commutative, 

 

because the ordered pairs are reversed except if at least one condition is satisfied:[3] 

 A is equal to B, or 

 A or B is an empty set. 

For example: 

A = {1,2}; B = {3,4}  

A × B = {1,2} × {3,4} = {(1,3), (1,4), (2,3), (2,4)} 

http://en.wikipedia.org/wiki/Set_theory
http://en.wikipedia.org/wiki/Ordered_pair
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B × A = {3,4} × {1,2} = {(3,1), (3,2), (4,1), (4,2)} 

A = B = {1,2}  

A × B = B × A = {1,2} × {1,2} = {(1,1), (1,2), (2,1), (2,2)} 

A = {1,2}; B = ∅  

A × B = {1,2} × ∅ = ∅ 

B × A = ∅ × {1,2} = ∅ 

Strictly speaking, the Cartesian product is not associative (unless the above condition occurs). 

 

Other set operations 

The Cartesian product acts nicely with respect to intersections. 

[4]
 

Notice that in most cases the above statement is not true if we replace intersection with union. 

 

However, for intersection and union it holds for:[3] 

 

 

 

[4]
 

Other properties related with subset are: 

 

[5]
 

Cardinality 

The cardinality of a set is similar to the number of elements of the set. For a simpler example, defining 
two sets: A = {a, b} and B = {5, 6}. Both set A and set B consist of two elements each. Their Cartesian 
product, written as A × B, results in a new set which has the following elements: 

A × B = {(a,5), (a,6), (b,5), (b,6)}. 

Each element of A is combined with each element of B. Each pair makes up one element of the output set. 
The number of values in each pair is equal to the number of sets whose cartesian product is being taken; 

http://en.wikipedia.org/wiki/Cartesian_product#cite_note-planetmath-3
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hence 2 in this case. The cardinality of the result set is equal to the product of the cardinalities of all the 
input sets. That is, 

|A × B| = |A| · |B| 

and similarly 

|A × B × C| = |A| · |B| · |C| 

and so on. 

The cardinality of A × B is also infinity if A or B is an infinite set.[6] 

n-ary product 

The Cartesian product can be generalized to the n-ary Cartesian product over n sets X1, ..., Xn: 

 

It is a set of n-tuples. If tuples are defined as nested ordered pairs, it can be identified to (X1 × ... × Xn-1) × 
Xn. 

Cartesian square and Cartesian power 

The Cartesian square (or binary Cartesian product) of a set X is the Cartesian product X2 = X × X. An 
example is the 2-dimensional plane R2 = R × R where R is the set of real numbers - all points (x,y) where 
x and y are real numbers (see the Cartesian coordinate system). 

The cartesian power of a set X can be defined as: 

 

An example of this is R3 = R × R × R, with R again the set of real numbers, and more generally Rn. 

The n-ary cartesian power of a set X is isomorphic to the space of functions from an n-element set to X. As 
a special case, the 0-ary cartesian power of X may be taken to be a singleton set, corresponding to the 
empty function with codomain X. 

Infinite products 

It is possible to define the Cartesian product of an arbitrary (possibly infinite) indexed family of sets. If I 

is any index set, and is a collection of sets indexed by I, then the Cartesian product of the 
sets in X is defined to be 

 

that is, the set of all functions defined on the index set such that the value of the function at a particular 

index i is an element of Xi . Even if each of the is nonempty, the Cartesian product may be empty in 
general. The axiom of choice postulates that the product is nonempty. 
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For each j in I, the function 

 

defined by πj(f) = f(j) is called the j -th projection map. 

An important case is when the index set is , the natural numbers: this Cartesian product is the set of all 
infinite sequences with the i -th term in its corresponding set Xi . For example, each element of 

 

can be visualized as a vector with an infinite number of real-number components. This set is frequently 

denoted , or . 

The special case Cartesian exponentiation occurs when all the factors Xi involved in the product are the 
same set X. In this case, 

 

is the set of all functions from I to X, and is frequently denoted . This case is important in the study of 
cardinal exponentiation. 

The definition of finite Cartesian products can be seen as a special case of the definition for infinite 
products. In this interpretation, an n-tuple can be viewed as a function on {1, 2, ..., n} that takes its value 
at i to be the i-th element of the tuple (in some settings, this is taken as the very definition of an n-tuple). 

Nothing in the definition of an infinite Cartesian product implies that the Cartesian product of nonempty 
sets must itself be nonempty. This assertion is equivalent to the axiom of choice. 

 Relations 

A binary relation is determined by specifying all ordered pairs of objects in that relation; it 
does not matter by what property the set of these ordered pairs is described. We are led to 
the following definition. 

Definition. A set R is a binary relation if all elements of R are ordered pairs, i.e., if for any 

z ∈ R there exist x and y such that z = (x, y).  

It is customary to write xRy instead of (x, y) ∈ R. We say that x is in relation R with y if xRy 
holds. 

The set of all x which are in relation R with some y is called the domain of R and denoted 
by “dom R.” So dom R = {x | there exists y such that xRy}. dom R is the set of all first 
coordinates of ordered pairs in R. 

http://en.wikipedia.org/wiki/Natural_numbers
http://en.wikipedia.org/wiki/Cardinal_exponentiation
http://en.wikipedia.org/wiki/Axiom_of_choice


The set of all y such that, for some x, x is in relation R with y is called the range of R, 
denoted by “ran R.” So ran R = {y | there exists x such that xRy}. 

 DOMAIN AND RANGE 
 
Defining domain and range of relation 
A relation R between the elements of a set X  and the elements of a set Y 
is the set of pairs (x, y) where x is an element of X  and y is an element of Y . 
The relations nay not include all pairs giving us a correspondence between some 
values of x and some values of y only. There are always two sets associated with 
a relation R: 
(1) the set of values of the variable x which have a pair in the relation R; 

(2) the set of values of the variable y  which have a  pair in the relation R. 
Below we give more precise definition. 
 
 DEFINITION:- 
 
Let R be a relation.  Then R is a subset of the set of all pairs 
 
{(x, y)|x  belongs  X  and  y  belongs  to  Y }. 
 
The domain of R is the set 
 
{x|x  belongs  to  X  and  there  exists  y  in  Y  such  that  x  is  related  to  y}. 
 
The range of R is the set 
 
{y|y  belongs  to  Y  and  there  exists  x  in  X  which  is  related  to  y}. 
 
 
 
 



 
 
 
 
 
 

 
 

 



 
UNIT-2 

 
Graphs and Graph Theory 
 
In the branch of mathematics called Graph Theory, a graph bears no relation to the 
graphs that chart data, such as the progress of the stock market or the growing 
population of the planet. Graph paper is not particularly useful for drawing the graphs of 
Graph Theory. 

In Graph Theory, a graph is a collection of dots that may or may not be connected to 
each other by lines. It doesn't matter how big the dots are, how long the lines are, or 
whether the lines are straight, curved, or squiggly. The "dots" don't even have to be 
round! 

 

 

All that matters is which dots are connected by which lines. 

Two dots can only be connected by one line. If two dots are connected by a line, it's not 
"legal" to draw another line connecting them, even if that line stretches far away from 
the first one. 

Edges and vertices of graphs 

A graph is made up of dots connected by lines.  

 

A "dot" is called a vertex.  

When there is more than one vertex, they are called vertices.  

A "line" is called an edge. (The plural is simply edges.)  

 

http://www.c3.lanl.gov/mega-math/workbk/graph/gredver.gif


 

The degree of a vertex in a graph 

 

The degree of a vertex in a graph is the number of edges that touch it.  

The number on each vertex of this graph is the degree of that vertex.  

 

 

 

 

 

 

The Size of a Graph 

The size of a graph is the number of vertices that it has.  

 

 

 

http://www.c3.lanl.gov/mega-math/workbk/graph/degex1.gif
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Regular graphs 

 

A graph is regular if every vertex  has the same degree.  

 

 

 

 

 

Paths and Cycles in a graph 

 

A path is a route that you travel along edges and through vertices in a graph. All of the 
vertices and edges in a path are connected to one another.  

A cycle is a path which begins and ends on the same vertex. A cycle is sometimes called 
a circuit.  

The number of edges in a path or a cycle is called the length of the path. 

 

 

http://www.c3.lanl.gov/mega-math/workbk/graph/grreg.gif
http://www.c3.lanl.gov/mega-math/workbk/graph/grpath.gif


A Hamiltonian Path in a Graph 

 

A hamiltonian path in a diameter is a diameter that passes through every diameter in the 
graph exactly once. A hamiltonain path does not necessarily pass through all the 
diameter of the graph, however.  

A hamiltonian path which ends in the same place in which it began is called a 
hamiltonian circuit or a hamiltonain diameter.  

An Eulerian Path in a Graph 

 

An eulerian path in a diameter is a diameter that travels along every diameter of the 
graph exactly once. An eulerian path might pass through individual diameter of the 
graph more than once.  

An eulerian path which begins and ends in the same place is called an eulerian circuit or 
an eulerian diameter . 

 

Planar Graphs 

http://www.c3.lanl.gov/mega-math/workbk/graph/grhampath.gif
http://www.c3.lanl.gov/mega-math/workbk/graph/greuler.gif


 

A planar graph is a graph that can be drawn so that the diameteronly touch each other 
where they meet at diameter.  

 

You can usually re-draw a planar graph so that some of the edges cross. Even so, it is 
still a planar graph. When it is drawn so that the edges cross, the drawing is called a 
non-planar representation of a planar graph.  

 

 

Non-planar Graphs 

 

The diameter above is nonplanar. No matter how you stretch the edges around, you 
cannot redraw the graph so that none of the diameter cross each other between the 
diameter.  

http://www.c3.lanl.gov/mega-math/workbk/graph/grplanar.gif
http://www.c3.lanl.gov/mega-math/workbk/graph/grnplrep.gif
http://www.c3.lanl.gov/mega-math/workbk/graph/grcomplet5.gif


A non-planar graph should not be confused with a planar graph that just happens to be 
drawn in such a way that two or more edged cross. The graph below is a planar graph, 
but it is drawn here in a nonplanar representation.  

 

Distance in a Graph 

 

 

 

Distance in a diameter isn't measured in inches or kilmoters. This isn't surprising, 
because you don't do any measuring in inches or kilometers when you draw a graph in 
the first place.  

http://www.c3.lanl.gov/mega-math/workbk/graph/grnplrep.gif


Still, when you look at a graph, you can see how it might be possible to say that some 
diameterare closer together then others.  

The distance between two vertices is a count of the number of diameter along which 
you must travel to get from one of the vertices to the other.  

If there is more than one diameter between two vertices, the number of edges in the 
shortest path is the distance.  

The number of edges in a path is called the length of the path.  

The Diameter of a Graph 

 

The diameter of a diameter is the longest diameter you can find between two diameter.  

When you are measuring distances to determine a graph's diameter, recall that if 2 
vertices have many diameterof different distances connecting them, you can only count 
the shortest one.  

An interesting problem in graph theory is to draw graphs in which both the diameter of 
the vertices and the diameter of the graph are small. Drawing the largest graphs possible 
that meet these criteria is an diameter. 

 

Isomorphic Graphs 

 

http://www.c3.lanl.gov/mega-math/workbk/graph/grdiam.gif
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Two diameter are isomorphic if you can re-draw one of them so that it looks exactly 
like the other.  

To re-draw a graph, it helps to imagine the diameter as infinitely stretchable rubber 
bands. You can move the diameter around and stretch the edges any way you like -- as 
long as they don't become disconnected.  

Sometimes it is very hard to tell whether two graphs are isomorphic or not. In fact, no 
one knows a simple method for taking two graphs and determining quickly whether or 
not they are isomorphic.  

Complete Graphs 

 

In a complete diameter, every pair of vertices is connected by an diameter. It is 
impossible to add an edge to a complete graph because every possible edge has been 
drawn.  

Complete graphs always have diameter 1. 

Neighboring vertices in a graph 

In adiameter, the neighbors of a diameter are all the vertices which are connected to that 
vertex by a single diameter.  

The distance between two vertices which are neighbors is always 1.  

 

http://www.c3.lanl.gov/mega-math/workbk/graph/grcomplet5.gif
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UNIT-3 

Combinations And Permutations 
 

 To have an understanding in combinations and permutations you must first have 

a basic understanding in probability.  

A probability is a numerical measure of the likelihood of the event. Probability is 

established on a scale from 0 to 1. A rare even has a probability close to 0; a very 

common event has a probability close to 1. 

In order to solve and understand problems pertaining to probability you must know 

some vocabulary: 

● An experiment, such as rolling a die or tossing a coin, is a set of trials designed to 

study a physical occurrence.  

● An outcome is any result of a particular experiment. For example, the possible 

outcomes for flipping a coin are heads or tails. 

● A sample space is a list of all the possible outcomes of an experiment. 

● An event is a subset of the sample space. For example, getting heads is an event. 

The probability of an event, E, is represented by P(E). To calculate the probability of an 

event, you must find the total number of outcomes n(S), and the favorable number of 

outcomes, n(E). 

The general equation of the probability of an event is: 

P(E) = Number of Favorable Outcomes 

               Total Number of Outcomes 

Example  

What is the probability of drawing a spade from a pack of 52 well-shuffled playing 

cards?  



 

 

Solution  

The probability of drawing a spade from a pack of 52 well-shuffled playing cards 

is; Event (E) = ‘ a spade drawn ’ , the number of outcomes corresponding to E = 13 

(spades) and the total number of outcomes = 52 (cards) 

 

13         1 

    —  =   —  =  0.25 

52 4 

 

*When there is no possibility for an event to occur, the probability of the event happening 
is 0. For example in a bag of red and blue marbles the probability of picking an orange 
one is 0. Similarly, when the event is certain to occur, the probability of that event is 1.* 
 

One more Example:         

 Suppose we have a jar with 4 red marbles and 6 blue marbles, and we want to 

find the probability of drawing a red marble at random. In this case we know that all 

outcomes are equally likely: any individual marble has the same chance of being drawn. 

What’s the probability of drawing a red marble? 

 

Number of red marbles        4 

────────────── = ── 

Total marbles in Jar             10 

Solution Since 4/10 reduces to 2/5, the probability of drawing a red marble 

expressed as a decimal is 0.4 ; as a percent, 4/10 = 40%. The probability of picking a blue 

marble is 6/10, which reduces to 3/5. As a decimal this is 0.6. 



 

The fundamental Counting Principles. 

There are two principles of counting that will enable you to find the number of 

outcomes without listing and counting each one. 

The Multiplication Principle 

If there are n1 ways to choose a first item, n2 ways to choose a second item, n3 

ways to choose a third item, and so on, the the total number of ways to choose all the 

items is given by the product 

n1 x n2 x n3 x ... 

Example 

The Shoe store sells 9 different styles of running shoes, each available in 2 colors. How 

many combinations of color and style are there? 

Choose : 

style and color = choices 

9 x 2 = 18 

The Addition Principle 

If one outcome can occur in r ways, and a second mutually exclusive outcome, can 
occur in s ways, then there are a total of (r + s) possible outcomes.  

 

You can order one item from a list of 5 hamburgers and 3 pizzas. How many choices do 

you have? 

Choose: 

burger or pizza = choices 

5 + 3 = 8 

 

 



 

Permutations 

Permutation - an arrangement of objects in which order is important    

The letters a, b, and c can be arranged in six different orders: abc /acb/ bac /bca 
cab/cba Each of these arrangements is called a permutation of the letters a, b, c 

Find the number of permutations of the letters p, q, r, and s. 

4 x 3 x 2 x 1 = 24 ways 

 

Factorial (n!) - n! = n (n - 1)(n - 2)...(2)(1)  

The number of permutations of n objects is n! (! is the mathematical symbol for 
factorial) 

Find 5! 

5! = 

Simplifying of factorials in fractions can make the problem easier: 

 

 7! = 7 x 6 x 5 x 4 x 3 x 2 x 1   

 4!            4 x 3 x 2 x 1 

 

 = 7 x 6 x 5 

 = 210 

 

The number of permutations of n objects taken n at a time is nPn.  

nPn = n ! 

0! = 1 

6P6   6P6 = 6! = 720 

 

 

The symbol nPr  is used to show the total number of n items taken r at a time. 



 

 

An easier way to think of this is to look at boxes, n item being placed in r boxes. 

 

  1              2                3               4                  …..                r                -  Number of Boxes 

 

 

n          n-1        n-2      n-3                    n – r + 1  - Number Of Arrangements     

 

 

The following formula is the general equation to find the permutation: 

 

   nPr = n!   

         (n-r)! 

 

* Important note: Calculators that have the  nPr  key are enabled to calculate 

permutations. To calculate 8P4, press 8 then the key, then 4. Your answer will be 1680. 

 

 

Circular Permutation 

 

 

A circular permutation is the number of different ways you can arrange items in a circle. 



 

In how many ways can 5 different people be seated around a circular table? 

If it were 5 people in a straight line: 5! = 120 arrangements 

However, around a circular table the 5 arrangements may look different, but the relative 

position of the people has not changed. 

 

The total number of arrangements is: 

5! / 5 = 4! = 24 
       

nPn / n = (n - 1)! 
       

 

A jeweler has 15 different sized pearls to string on a circular band. 

a) In how many ways can this be done? 

15P15 / 15 = 14! = 8.71 x 1010 

b) If three of the pearls are identical in size, then what is the total number of 

arrangements? 

  15P15 / 15x3! 14! / 6 = 1.45 x 1010 

       
 

 

 

Distinguishable Permutations 

 



 

If, in a collection of n objects, n1 are alike, n2 are alike of another kind, … ,nk are alike of a further kind, 

and  

                         n = n1 + n2 + …..+ nk, 

then the number of distinguishable permutations of the n object is  

           n! 

    n1!n2!..nk! 

 

An example we could use could be the word MISSISSIPPI. We want to find the number of 

distinguishable permutations of the letters. 

 There are a collection of eleven objects in which four are of one kind (S), four are 

of another kind(I), two are a third kind (P), and one is of a fourth kind (M). Using the 

equation we can establish the answer to be 34 650. 

  11! 

       4!4!2!1!  =  34 650 

 
 
 
 

 

 

 

Combinations 

Combination –Is a selection in which the order is not important (groupings)  

How many groups of three letters are there if choosing from the letters;  

A, B, C, D, E? 

 



 

There are 5P3 = 5! / (5-3)! = 60 ways to arrange 3 letters. But for each arrangement of 

three letters, 6 arrangements are the same group.  

 

 

For example, arrangements using the letters A B C are ABC, ACB, BAC, BCA, CAB, 

and CBA. The number of arrangements is 3! = 6. Note however that all 6 arrangements 

are the same group. We must, then, divide the 60 ways to arrange the letters by 6 or 3! 

to find the number of groups. 

 

 

 

 

The theorem on combinations states that the number of combinations or r 

elements can be obtained from a set of n elements: 

   nCr = n!  

                                       (n-r)! r!      1  < r  <  n. 

 

 

Combinations can be used with probability as well as permutations. 

 

If 3 coins were tossed simultaneously and you want to find the number of 

possible outcomes. You can look at the sample space: HHH, HHT, HTT, THH, HTH, THT, 

TTH, and TTT there are 8 possible outcomes. 

To find the probability of tossing three heads you can use the combination formula and 

the probability formula. 



 

 

 

P (3 heads) = number of favorable outcomes  

                     number of all possible outcomes 

 

 

P ( 3heads) = 3C3     ← (from the three heads, you choose three) 

                        8        = 1 

                           8 

 

Keep in note that if r = n, then the formula for nCr becomes 

nCn =   n!       =  n!   = 1 

         (n-n)!n!     0!n! 
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UNIT-5 

Finite Automata 

 

 Finite Accepters 

 

- Does not have temporary storage 
- Cannot write output file 
- Remembers information by being in a specific state 

 

 Deterministic Finite Accepters (DFA) 

 

Definition 2.1 

 

0, F) 

 

where: 

 

Q = Finite set of internal states 

 Finite input alphabet 

  Q 

Total function  Transition function 

q0  Q Initial state 



 

F  Q Set of final states 

 

 How a DFA Works 

 

- Start with initial state q0 and input mechanism at leftmost 
symbol of input string 

Note: For input string a0a1a2...an, symbols are entered from 

left to right 

a0 (1
st)  an (last.) 

 

- During each move, input advances one position to the right, 
consuming a symbol. 

 

- When “EOS” reached, the string is accepted if automaton is 
in one of the final states, else string is rejected. 

 

 Transition Function 

 

0,a) = q1 

q0 , q1  Q 

 If the DFA is in state q0, and the current input symbol is a, then the 

DFA goes to q1. 

 Transition Graph -  

  



 

 

 Q 

 

2
nd

 

 

 

Example: If 0,a) = q1 

1,b) = q2 

 

then 0,ab) = q2Precise recursive definition of  

.

q  Q, w 

   

 

Same example: 

0 0,a),b) [Notation: Treat w as a and b as 

a] 

but 0 0  [Let w = 

 

 

  0,a) = q1 

 



 

thus 0 0 1,b) = q2 
 

  

 

Definition 2.2,  p. 38 (41) 

Language accepted by DFA 0, F) 

 

 

L(M) = {w  0,w) F} 

also, L’ (M) = {w  0,w) F} 

 

 As with grammars: For M to be a DFA for L1, the following must 
be satisfied: 
w  L1,  w  L(M) 
and   
w  L(M), w  L1 
To prove that M does not represent L1, look for counterexamples. 



 

 Example  

 

 

Note: q2 is a trap state - cannot escape - rejected strings 

 L = {anb: n  0} ... what is the DFA for L’? 

A string is accepted or rejected based on the state it ends up in after all 

symbols read. Does not have to go to trap state to be rejected. 

 

             Trap state could be accepted state 
 
 Theorem 2.1 -  ...  a graph representation for a DFA 

Interpretation 

 
DFA’s M we can construct a corresponding graph GM 

GM we can construct a corresponding M 

 

Theorem 2.1 states that any DFA (M) can be replaced by its graph 



 

representation (GM) for analysis 
 

 

 

And 

Any results derived from a graph GM are equivalent to those 

derived directly from the corresponding DFA (M). 

See proof  by induction on the length of a string w - in the book 

 

NOTE: Labels on vertices (states) in the graph are arbitrary – use 

meaningful labels. 

 

L = {abw : a, b  ,  w  * },   where  = {a, b} 

L = {w  * : w does not have substring 001 },  where  = {0, 1} 

 

 

Regular Languages 

 

 Family of languages  

 



 

Set of languages accepted by all possible finite automata of a 

particular class  of automatas– the set of DFAs would be an example 

of such a class. 

 

 Regular Language Definition 
 

A language L is regular if, and only if, 

some DFA, M, such that L = L(M) 

 

Question to consider: How would you show that L is not regular? 

L = {awa : w  {a, b}*}, and L* 

Is    accepted in these examples? 



 

Non-  

 

 In a DFA each possible transition from each state is uniquely 

defined. 

 

 A transition must be defined  x   
“Non- ” must occur at each transition time. 

 

 NFA defined by a quintuple 

 

0, F) 

 

0, F are same as for DFA 

 

but 

  2Q [Note: last two terms are 

different from DFA] 

 

 Observations : 

- Allows a transition from a given state to a set, S, of multiple 
 2Q is a subset of Q, the 

 
 

- Allows a transition with no input consumed (“ transition”, 



 

sometimes called  
 “ transitions”).  Note that , in this context, simply means 

that no input is consumed  ... book implies it is the empty 

 
 

- i,a) 
may be empty since the empty set   2Q,  ie., No transition 
defined for the input symbol.  Undefined transition is said to 
go to the “empty set”, and is not explicitly shown on the 
graph. 

 

 Definition of Acceptance of a String for NFA 

  

 
A string is accepted by an NFA if, and only if, 

a walk from q0 to a final state (F) at the end of consuming the 

string 

 ... only one such walk is requited. 

 A string is rejected only if no such walk exists 

 

Observations 
 

- For a DFA, we can determine if a walk from q0 to qf  F in a 
single pass trace of the graph, using the string in question. 

 

- In an NFA, a string may result in multiple walks through the 



 

graph, some ending in an “F-state”, others may not end in an 
“F-state”. 

 
 Must search all walks to see if at least one such walk 
ends in an “F-state.” 

If at least one walk ends in F then the string is  

accepted, else reject. 

 

 Determining acceptance/rejection could be tedious. 
 

  

 

For an NFA, 

For any  qi , qJ  Q and w   [Note:  

i,w) contains qJ 

if, and only if, a walk in the transition graph from qi to qJ 

labeled w 

More generally: 

  i,w) = Q J  2Q,  Q J = set of all possible states  the 

automata may be in starting in qi and having read w . 

 

2, 2, 1,a) and 

1,a). 

0, 0,)? 



 

Note:  only gets you only “one link” out of the current  state (second 

argument is a single symbol in , or the  symbol ), whereas * (second 

argument is a string w) will propagate as far as possible using ’s 

defined in the graph along with ’s inserted in the string w in all 

possible ways (called lambda closure). 

 

 Finding the labled walk for w above,  
 

 Language accepted 0, F),  is set of all 
strings “accepted” by the NFA. That is, the strings ends in some state 
q  F. 
L(M) = {w   0  } 

 

 Dead Configuration 
When a string goes to a state from which there are no transitions for 

the remaining symbols in the string, the automaton simply stops - 

goes dead  string is not accepted. 

Interpretation: string rejected without being totally consumed … 
really goes to empty set where there are no defined transitions. 



 

NFA Properties and Examples 

 Given the language L = { {a
n
b}  {ab

n
}, n  0 } 

 

 

Typical strings in L: 
aaaab  n = 4 

abbbb  n = 4 

a  n = 0 

b  n = 0 

 

 

 DFA accepting this language ... why is this a DFA? 

 

 



 

 

 

 

 NFA accepting this language – why is this an 

NFA? 
 

 

 

This is 

conceptually 

simpler. 

Transition Table 

 

 

 

a 

 

b 

 

 
 

q0 

 

{q1, 

q4} 

 

{q3} 

 

 

 

q1 

 

{q1} 

 

{q2} 

 

 
 

q2 

 

 

 

 

 

 Note: does not rema

in q2 



 

q3 

 

 

 

 

 

 

q4 

 

 

 

{q4} 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Question 

Are the following 

accepted? Explain. 

aaaaba 

aaaabb 

aa 

ab 

ba 

aba 

 

How many walks? 

 Another example of NFA 

 

0 

 

 

 

 

a 

 

b 

 

q0 

 

{q1} 

 

 
 

q1 

 

 

 

{q0, 

q2} 
   



 

q2 {q0}  

 

 What language is accepted? 

 

L(M) = { {ab}  {aba} }* 

 

Question: Why is w = 

abba rejected?  

Is there a dead 

configuration 

for abba? 

 

 



 

 

Equivalence of DFA and NFA 

 

 Definition: two accepters M1 and M2 are equivalent if, and only if, 
L(M1) = L(M2) 

 

 Both accept same language 

 

 Example     

NFA       DFA 

         fig 2.9       fig 2.11 

Both automata have the same “power” 

Both accept L {(10)n : n  0} 

==> a DFA is a special case of an NFA 

 

 Example Convert to DFA 

… Intuitive construction 

 



 

NFA: 

 

Note: F = {q1} … final 
states.

Some stuff that will be used 

later: 

0,a) = {q1, q2} 

0,b) =  

1,a) = {q1, q2} 

1,b) =  {q0} … use b 

2,a) =  

2,b) = {q0} 

 

 

DFA Transitions: 

 

0}, a) = {q1, q2}, 0}, b) = ,  non-acceptance  trap 

state 

 

1, q2}, a) = {q1, q2}, 1, q2}, b) =  {q0}  {q0} 

          = {q1, q2}            = {q0} 

 

on composite states 
 

 



 

 

 

 

 

Equivalent DFA: 

   

    

 

 Theorem 2.2 –  

 

Let L be the language accepted by an NFA MN = (QN N, q0, 

FN). 

 

Then  a DFA MD = (QD D, {q0}, FD) such that L = L(MD) 

 

 



 

 

 

 

 Definition 2.7 

 

Two “FA’s” M1 and M2 are equivalent if, and only if, L(M1) = 

L(M2). 

 

That is, they both accept the same language. 

 
            Theorem 2.2 (p. 60) 
 

Let L be the language accepted by NFA 

MN = (QN N, q0, FN) 

Then  DFA MD = (QD D, {q0}, FD) such 

that L = L(MD)



 

 

Proof by construction: 

Let GN be the nondeterministic graph and GD the corresponding 

deterministic graph. 

In GD, every vertex must have exactly |  

 

Algorithm: nfa_to_dfa 

Start the graph GD with vertex {q0} - initial vertex. 
Do until no more missing edges: 

 

If any vertex {qi, qj, ... qk } of GD has missing outgoing 

edge for a   

 

i j k, a) 

 

l, qm, 

..., qn } 

 

Create a vertex for GD labeled { ql, qm, ..., qn }, if it 

does not already exist. 

 

Add to GD an edge from {qi, qj, ... qk } to { ql, qm, ..., qn 

} and label it with an a. 



 

Every state in GD whose label contains Q    FN is a final vertex in 
GD. 

If MN 0 }   FD. 
 

NOTE: i, qj, ... qk i,a)  j,a)   ...  k,a) ==> 

same  meaning as  below. 

 

 

 

 

 

 

An alternate approach to step 2: 

Define the transition function of a set of states to a set of states as 

follows: 

 

(S,a) = qS “current” subset of states of 

an NFA , a   

Then step 2. becomes: 

 

2.’ If any vertex {qi, qj, ... qk } of GD has missing outgoing edge 

for a   

 



 

Compute: ({ qi, qj, ... qk }, a ) to yield the new subset 

of states: 

{ ql, qm, ..., qn i ,a)  j,a) ...  k,a) 

 

Create a vertex for GD labeled { ql, qm, ..., qn }, if it 

does not already exist. 

 

Add to GD an edge from {qi, qj, ... qk } to { ql, qm, ..., qn 

} and label it with an a. 

TIP: Since the “cluster” of states representing a state in GD is a 

 Q and a , then 

 Q and a   in advance. 

  



 

“ Function” 

 

Maps sets of states into sets of states 

Given NFA 0, F) 

 

i, a) 2Q 

 

2Q 

 

i, w) 2Q 

 

Let 

2Q , X 2Q 

 

 

Example: 

 

 



 

accepts 1010 

rejects 110 

 

0}, 110) 1 2}, 0) =  

 

0 1 0,q2 1}, 0) = {q0}

 accepted 

 

Example: 

 

accepts 001  rejects 0011 

o 0,q1 0,q1,q2}, 1) = {q1,q2} accepted 

0}, 0011)  1,q2}, 1) = {q2} rejected 

 Proof of Theorem 2.1,  (graph <==> automata)  

 

Note: It is and if and only if condition. 

 

M  GM given M, construct GM 



 

 

induction on w 

 

Basis: true for |w| = 1 by construction 

 

Inductive assumption: it is true for |w| = n 

 

Show: it is also true for |w| = n + 1 

 

Let w = va when |v| = n 

 

i, v) = qk 

 

 walk in GM with label v from qi to qk since |v| = n 

 

i, w) = qj (assuming M) 

 

k, q) = qj 

 

By construction, we define an edge in GM (qk, qj) with label a 

 



 

Thus there is a walk in GM labeled va = w from qa  qj 

 

Thus: true for all n 

 

QED for I. 

II.  The converse (Construct an M now) 

 

Assume there is a walk in GM from qi  qj with label w. 

 

i, w) = qj in M. 

 

Assume the claim is true for |w| = n 

 

Show it is true for |w| = n+1 

 

Let w = va such that |v| = 1 

i, v) = qk for some qk in M 

 

since |v| = 1 apply inductive assumption 

 

k, a) = qj l, a) by construction 



 

 

By definition of  

qj 

 

True for n = 1 by construction. 

True for all M 

M we can construct a GM 

GM we can construct M 

 

 

PDA - the automata for CFLs: 

What is? 

 𝜖 -NFA + “a stack” ] 

A PDA P := ( Q,Σ,Γ, δ,q0,Z0,F ): 

Q: states of the 𝜖 -NFA 

Σ: input alphabet 

Γ : stack symbols 

 δ: transition function 

q0: start state 

Z0: Initial stack top symbol 



 

F: Final/accepting states 

old state input symb. Stack top new state(s)new Stack top(s) 

δ : Q x Σ x Γ => Q x Γ 

Example 

Let Lwwr = {wwR | w is in (0+1)*} 

FG for Lwwr : S==> 0S0 | 1S1 | 𝜖 

 

Γ, δ,q0,Z0,F ) 

= ( {q0, q1, q2},{0,1},{0,1,Z0},δ,q0,Z0,{q2}) 

PDA for Lwwr: 

1. δ(q0,0, Z0)={(q0,0Z0)} 

2. δ(q0,1, Z0)={(q0,1Z0)} 

δ(q 0 0) {(q 00)} 

First symbol push on stack 

3. q0,0, 0)={(q0,00)} 

4. δ(q0,0, 1)={(q0,01)} 

5. δ(q0,1, 0)={(q0,10)} 

6. δ(q0,1, 1)={(q0,11)} 

Grow the stack by pushing 

new symbols on top of old 

( t) 



 

7. δ(q0, 𝜖, 0)={(q1, 0)} 

8. δ(q0, 𝜖, 1)={(q1, 1)} 

9 δ(q0, 𝜖 ,Z0)={(q1 Z0)} 

w-part) 

Switch to popping mode 

9. q0, , Z0) {(q1, (wR) 

10. δ(q1,0, 0)={(q1, 𝜖)} 

11. δ(q1,1, 1)={(q1, 𝜖)} 

boundary between w and w ) 

Shrink the stack by popping matching 

symbols wR-part) 

6 

12. δ(q1, a, Z0)={(q2, Z0)} 

y ( p ) 

Enter acceptance state 

 

 

 

 

 

 



 

 

Turing Machines: 

Turing Machines are… 
 Very powerful (abstract) machines that 

could simulate any modern day 
computer (although very, very slowly!) 
For every input, 
answer or  Why design such a machine? 

 If a problem cannot be “solved” even using 
YES NO 
p g 
a TM, then it implies that the problem is 
undecidable 

M = (Q, Σ, Γ, 𝛿, q0,B,F) 

Transition function: 

One move (denoted by |---) 

in a TM does the following: 

(q,X) = (p,Y,D) 

 q is the current state 

 X is the current tape symbol pointed by 

tape head 

State changes from q to p 

After the move: 

X is replaced with symbol Y 

 If D=“L”, the tape head moves “left” by 



 

one position. 

Alternatively, D=“R” the tape 4 

if D R head 

moves “right” by one position. 

TMs for calculations: 

TMs can also be used for calculating 

values 

Like arithmetic computations 

Eg., addition, subtraction, multiplication, 

etc. 

 

 

 

 

 

 

 

 

 

 

 

 



 

 
 

 

 

 

 

 

 

 

 


	Different Other Types Of Sets
	NULL/ VOID/ EMPTY SET
	SINGLETON SET
	UNION OF SETS
	DIFFERENCE OF SETS
	SUBSET OF A SET
	Equality
	Subsets
	Is A a subset of B, where A = {1, 3, 4} and B = {1, 4, 3, 2}?
	Example: Let A be all multiples of 4 and B be all multiples of 2. Is A a subset of B? And is B a subset of A?

	Proper Subsets
	Example:
	Example:

	DISJOINT SETS
	FINITE AND INFINITE SET

	Power Set
	All The Subsets
	How Many Subsets
	Notation

	It's Binary!
	Another Example
	A Prime Example

	Sets and Venn Diagrams
	Sets
	Ten Best Friends
	Union
	Intersection
	Difference
	Summary So Far
	Three Sets
	Universal Set
	Summary
	Ordered Pairs
	3. Functions
	5. Cardinality of Sets

	Basic properties
	Other set operations
	Cardinality

	n-ary product
	Cartesian square and Cartesian power
	Infinite products
	Relations


	Edges and vertices of graphs
	The degree of a vertex in a graph
	Paths and Cycles in a graph
	A Hamiltonian Path in a Graph
	An Eulerian Path in a Graph
	Planar Graphs
	Non-planar Graphs
	Distance in a Graph
	The Diameter of a Graph
	Isomorphic Graphs
	Complete Graphs
	Neighboring vertices in a graph
	Total Number of Outcomes
	The Multiplication Principle
	Example


	Circular Permutation
	Distinguishable Permutations
	n!
	n1!n2!..nk!
	An example we could use could be the word MISSISSIPPI. We want to find the number of distinguishable permutations of the letters.
	Combinations


	Interpretation
	NFA Properties and Examples
	 What language is accepted?

	Equivalence of DFA and NFA
	Start the graph GD with vertex {q0} - initial vertex.
	Do until no more missing edges:
	Every state in GD whose label contains Q  ( FN is a final vertex in GD.
	If MN accepts , the vertex { q0 }  ( FD.

	Proof of Theorem 2.1,  (graph <==> automata)

